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Abstract
We study the class of Tychonoff spaces that can be mapped continuously into R in such a way
that the preimage of every nowhere dense set is nowhere dense. We show that every metric space
without isolated points is in this class. We also give examples of spaces which have nowhere constant
continuous maps into R and are not in this class. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Under various assumptions on a Tychonoff space X without isolated points, it is known
that every continuous function f :X→ R can be uniformly approximated by continuous
functions g :X→ R which are nowhere constant (i.e., not constant on any nonvoid open
set). For example, this is true if X is separable or if X is normal and has a dense set
which is the union of countably many closed discrete sets [2]. (The theorem in [2] deals
with maps into an arbitrary normed linear space Y .) To say that a continuous function
f :X→ R is nowhere constant is equivalent to saying that f−1(y) is nowhere dense for
each y ∈ R. Nowhere constant functions have the slightly stronger property given in the
following proposition and which was mentioned in [3].
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Proposition 1.1. If f :X→R is a nowhere constant continuous function, then f−1[A] is
nowhere dense for each scattered set A⊆R.
Proof. By induction on the Cantor–Bendixson height of A. If f−1[A] were dense in a
nonvoid open set U , then we could choose x ∈ U ∩ f−1[A], an open set V ⊆R such that
y = f (x) ∈ V and V ∩ A contains only y and points of lower Cantor–Bendixson rank in
A, and an open U ′ ⊆U such that x ∈ U ′ and f [U ′] ⊆ V . Since f−1(y) is nowhere dense,
f−1[V ∩ A \ {y}] would then be dense in U ′. This is a contradiction since the Cantor–
Bendixson height of V ∩A \ {y} is lower than that of A. 2
In [4], the authors needed continuous real-valued functions with the still stronger
property that the preimage of every nowhere dense set is nowhere dense. Some conditions
were given which guarantee that such functions exist but is was left open whether every
perfect Polish space has such a function. In this paper we will establish that every metric
space with no isolated points can be mapped continuously into R so that the preimage of
every nowhere dense set is nowhere dense. The connections with [4] will be examined in
the last section of the paper.
All topological spaces considered in this paper are assumed to be Tychonoff. The main
notion to be studied here is given in the following definition.
Definition 1.2. If X and Y are topological spaces, let us say that a continuous function
f :X→ Y is nowhere thin if f [U ] is dense somewhere (i.e., is not nowhere dense) for
each nonempty open set U ⊆X or, equivalently, f−1(E) is nowhere dense in X for each
nowhere dense set E in Y .
Our constructions will often give the following stronger property.
Definition 1.3. If X and Y are topological spaces, let us say that a continuous function
f :X→ Y is weakly open if f [U ] has nonempty interior for each nonempty open set
U ⊆X.
One of the advantages that these properties have over the property of being nowhere
constant is that they are preserved under composition. We record this and other simple
consequences of the definitions in the next section. The topological and set-theoretical
terminology used here are mostly standard. We denote the closure of a set A in a
topological space X by clA or clX A. For undefined terms, we refer the reader to [7] for
topology and to [1] or [8] for set theory.
2. Preliminary observations
In this section, we make a few simple observations about nowhere thin maps and prove
some results that will be needed later. The results in the following proposition are all
immediate consequences of the definitions.
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Proposition 2.1.
(a) The composition of two nowhere thin maps is nowhere thin.
(b) If f :X → Y is a nowhere thin continuous map and D ⊆ X is dense, then
f |`D :D→ Y is nowhere thin.
(c) Weakly open, and in particular open, continuous maps are nowhere thin.
(d) If f :X→ Y is a nowhere thin continuous map and g :Y → Z is a nowhere constant
continuous map, then g ◦ f is nowhere constant.
We shall frequently make use, without mention, of the following fact.
Proposition 2.2. The standard surjection f : 2ω→[0,1] given by
f (x)=
∑
n<ω
x(n)/2n+1
is nowhere thin. Consequently, any space which has a nowhere thin continuous map into
2ω also has a nowhere thin continuous map into R.
The next proposition gives special cases in which a nowhere constant or nowhere thin
map is automatically weakly open.
Proposition 2.3.
(a) If X is locally connected and f :X→ R is a nowhere constant continuous map,
then f is weakly open.
(b) If X is locally compact and f :X→ Y is a nowhere thin continuous map, then f is
weakly open.
Proof. (a) Nontrivial connected subsets of R have nonempty interior.
(b) If U is a nonvoid open set in X, then there is a nonvoid open set V ⊆ U such
that clV is compact. Then f [clV ] is compact and dense somewhere and so has nonvoid
interior. Thus f [U ] has nonvoid interior. 2
As mentioned in Section 1, in the main theorem of [2] the range for the maps is not R
but an arbitrary normed linear space Y . We cannot expect this much generality here, for if
X is locally compact and f :X→ Y is nowhere thin, then Y contains compact sets with
nonempty interior. For example, there are no nowhere thin continuous maps from R into
`2. We are able in some contexts to prove theorems about maps into Y =Rm,m= 1,2, . . . ,
using the following proposition.
Proposition 2.4. For any positive integer m, there is a nowhere thin continuous map
f :R→Rm.
Proof. Many of the standard space-filling curve constructions produce such a map. For
completeness we sketch a construction. Since there is a nowhere thin map from R into
[0,1], it will be enough to produce a nowhere thin map from [0,1] into Rm.
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Let us call a cube a subset of Rm of the form
∏m
i=1 Ii where each Ii is a nondegenerate
closed bounded interval in R. (We could also ask that all Ii have the same length (which
would suit the name ‘cube’ better), but that will be irrelevant here.) If K is a cube, for
any x, y ∈K and ε > 0 define an ε-chain from x to y in K to be a sequence (a0,K0, a1,
K1, . . . , a`,K`, a`+1) where a0 = x , a`+1 = y , the Ki ’s are cubes of diameter less than ε,
ai, ai+1 ∈Ki for each i = 0, . . . , `, and K =⋃`i=0Ki . Since there is no requirement that
the cubes Ki be nonoverlapping or distinct, there is no problem finding an ε-chain from x
to y in K for any x, y ∈K .
Define an increasing sequence `0 < `1 < · · · of elements of ω, strictly increasing maps
hi : `i + 2→ `i+1 + 2, cubes Kij ⊆ [0,1]m for j 6 `i , points aij of [0,1]m for j 6 `i + 1,
and closed nondegenerate subintervals I ij of [0,1] for j 6 `i such that for each i < ω we
have the following properties.
(a) hi(0)= 0, hi(`i + 1)= `i+1 + 1.
(b) ai+1hi(k) = aik for k 6 `i + 1.
(c) si = (ai0,Ki0, . . . , ai`i ,Ki`i , ai`i+1) is a 2−i -chain from x to y in [0,1]m.
(d) The segment (ai+1hi(k),K
i+1
hi (k)
, ai+1hi(k)+1,K
i+1
hi (k)+1, . . . , a
i+1
hi (k+1)) of si+1 is a 2
−i−1
-
chain from aik to a
i
k+1 in K
i
k for each k 6 `i .
(e) [0,1] =⋃`ij=0 I ij .
(f) If j < j ′ 6 `i , then for all x ∈ I ij and y ∈ I ij ′ we have x 6 y .
(g) I ik =
⋃hi(k+1)−1
j=hi(k) I
i+1
j and each I
i+1
j in this union has at most half the length of I
i
k ,
k 6 `i . (This requires hi(k + 1)> hi(k)+ 2.)
Now define a function f : [0,1]→Rm as follows. Given x ∈ [0,1], for i < ω inductively
choose j (x, i) 6 `i such that x ∈ I ij (x,i) and I i+1j (x,i+1) ⊆ I ij (x,i). Let f (x) be the unique
member of
⋂
i<ω K
i
j (x,i). If x is 0 or 1, or is not one of the points a
i
j , then this uniquely
determines f (x). If x is one of the points aij different from 0 or 1, then there are two
choices for the sequence of indices j (x, i) but it is easily seen that they both lead to the
same value for f (x). Is is also easily see that f is continuous. f is nowhere thin because
f [I ij ] =Kij for all i < ω, j 6 `i . 2
We also note that one of the standard methods of getting a nowhere constant modification
of a map f :X→ R is to let U =⋃{V : V is open and f is constant on V } and replace
f by f + g where g is nowhere constant on U and is identically zero outside U . (See
[2] or [3], for example.) This uses the fact that the sum of a nowhere constant map and
a constant map is nowhere constant. This technique breaks down in our context, as the
following example shows.
Example 2.5. The sum of a nowhere thin map and a map with nowhere dense range can
have nowhere dense range.
Proof. One possibility to take the two maps f and g of 2ω into R given by
f (x)=
∑
n<ω
x(n)/2n+1 and g(x)=
∑
n<ω
2x(n)/3n+1.
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We have that f is nowhere thin and g has nowhere dense range. Also, f is nondecreasing
and g is strictly increasing (order 2ω lexicographically) so that f + g is strictly increasing
and hence a homeomorphism onto its range. Thus f + g has nowhere dense range. 2
The following fact is essentially well known (cf. [9]) but we have not found it in exactly
the form we need, so we sketch a proof. In any metric space (X,d), let us write
B(x, ε)= {y ∈X: d(x, y) < ε}.
Proposition 2.6. If (X,d) is a metric space with no isolated points and D ⊆X is dense,
then there is a dense subset of X, D′ ⊆ D, and a continuous f :X→ R such that for
each point a ∈D′, there is an open neighborhood U of a such that for all ε > 0, we have
f (a) > sup{f (x): x ∈U \B(a, ε)}.
Proof. Let D1,D2, . . . be a sequence of disjoint subsets of D so that for each n and
for any distinct x, y ∈ Dn we have d(x, y) > 1/n, and D′ = ⋃∞n=1Dn is dense in U .
Define a uniformly converging sequence of continuous functions gn :X → R so that
g0(x) = 0 for all x ∈ X, g0 > g1 > · · ·, and gn+1 is obtained from gn as follows. For
each a ∈ Dn, choose a positive number ra < 1/3n so that B(a, ra) ⊆ U \⋃n−1i=1 Di , and
gn(B(a, ra))⊆ B(gn(a),2−n−1). Now define gn+1 as follows: gn+1(x)= gn(x) if x does
not belong to any of the balls B(a, ra) for a ∈Dn, and for each a ∈Dn, gn+1 |`B(a, ra) is
any continuous function such that
(i) gn+1(B(a, ra))⊆ B(gn(a),2−n),
(ii) gn+1(x)6 gn(x) for all x ∈ B(a, ra),
(iii) gn+1(x)= gn(x) if x = a or d(x, a)= ra ,
(iv) gn+1(x)6 gn(a)− 2−n−2r−1a d(x, a) for x ∈B(a, ra/2).
It is easily seen that f = limgn extends g and has the desired property. (At each point
a ∈D′, U = B(a, ra/2) witnesses the conclusion of the proposition.) 2
Proposition 2.7. In Proposition 2.6, ifX is not zero-dimensional at any point ofD, then f
is weakly open.
Proof. Let W ⊆ X be a nonvoid open set and let a ∈ D′ ∩W . Suppose f [W ] does not
contain a nonvoid open interval. We will show X is zero-dimensional at a. Let U ⊆ W
be an open neighborhood of a. By shrinking U we may assume, by Proposition 2.6, that
f (a) /∈ clR(f [bdU ]) and clU ⊆W . Since f [W ] is zero-dimensional, there is a relatively
clopen set A⊆ f [W ] such that f (a) ∈ A and A ∩ clR(f [bdU ])= ∅. Then f−1[A] ∩U
is clopen and contains a. Thus, X is zero-dimensional at a, contradiction. 2
3. Getting nowhere thin maps from nowhere constant maps
Since various classes of topological spaces are known to map in a nowhere constant
manner into R, one natural approach to finding classes of spaces which map in a nowhere
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thin manner into R is to try to find ways to convert a nowhere constant map into a nowhere
thin map. As we shall see, such a conversion is not always possible, but it is possible when
the domain has pi -weight less than p. (A pi -base for a topological space X is a collection
B of nonempty open sets such that every nonempty open set includes a member of B. The
pi -weight of X, denoted piw(X), is the minimum cardinality of a pi -base for X.) We refer
the reader to [1] for a definition of p and a discussion of its properties. We deal first with
maps into 2ω, and begin by noting that the existence of a nowhere constant map from a
space into 2ω is equivalent to the existence of a countable family of clopen sets which
splits every open set.
Proposition 3.1. For any space X, there is a nowhere constant continuous function
f :X→ 2ω iff there is a countable collection {Cn: n < ω} of clopen sets in X such that for
every nonempty open set U ⊆X there is an n < ω such that U \Cn and U ∩Cn are both
nonempty.
Proof. This is routine. Given f , the collection of clopen sets is {f−1[{x ∈ 2ω: s ⊆ x}]: s ∈
2<ω}. Given the collection of clopen sets, define f by f (x)(n)= 1 iff x ∈Cn. 2
Corollary 3.2. Every separable zero-dimensional space without isolated points has a
nowhere constant continuous map into 2ω.
Proof. For each pair of distinct points x, y chosen from a fixed countable dense set, choose
a clopen set Cxy separating them. Since every nonempty open set contains at least two
points of the countable dense set, the Cxy ’s split every open set. 2
In spaces whose pi -weight is small enough, a nowhere constant map into 2ω can be
converted into a nowhere thin map.
Theorem 3.3. If there is a nowhere constant continuous function from X into 2ω and
piw(X) < p, then there is a nowhere thin continuous function from X into 2ω.
Proof. Let f :X→ 2ω be nowhere constant. Let A= {f−1[C]: C is clopen}.
Claim 3.4. Given A ∈ A, and open sets U1, . . . ,Un in X, we can find B ∈ A such that
B ⊆A and for each i = 1, . . . , n, if Ui ∩A is not empty, then Ui ∩B and Ui ∩ (A \B) are
both nonempty.
Write A= f−1[C], C clopen. We may assume that each of the sets Ui ∩A is nonempty.
Using the fact that f is nowhere constant, inductively choose points x1, y1, x2, y2, . . . ,
xn, yn so that for each i , we have xi, yi ∈ Ui ∩A and the 2n numbers of the form f (xi),
f (yi) are all distinct. Now choose a clopen set C′ ⊆ C so that C′ contains all the numbers
f (xi) but none of the numbers f (yi). Then B = f−1[C′] is as desired and the claim is
established.
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Fix a pi -base B for X whose cardinality is < p. Let P be the partial order of all
p = (〈Aps : s ∈ 26np 〉,Fp) where
(a) np < ω,
(b) Aps ∈A for all s ∈ 26np ,
(c) for every s ∈ 26np , Aps_0 and Aps_1 are disjoint and their union is Aps ,
(d) Fp is a finite subset of B.
If p and q are conditions, then we say p extends q if np > nq , Aps = Aqs for s ∈ 26nq ,
Fp ⊇ Fq , and the following condition is satisfied: for every t ∈ 26np such that nq 6
dom t < np , and for every U ∈Fq , if U ∩Apt 6= ∅ then U ∩Apt_i 6= ∅ for i = 0,1.
Extending a condition p to add a member of B to Up is trivial, and extending p to
increase the value of np is easily accomplished using the claim. Since any two conditions
with the same first coordinate are compatible and A is countable, P is σ -centered. Thus,
since |B|< p, we can find a filter G on P which meets all the dense sets {p ∈ P : np > k}
(k < ω) and {p ∈ P : U ∈Fp} (U ∈ B).
Using G we define a function g :X→ 2ω as follows. For every s ∈ 2<ω, write As for
A
p
s where p is any member ofG such that np > dom s. For each x ∈X, let g(x)(n)= s(n)
for any s ∈ 2<ω such that dom s > n and x ∈As .
It is easily seen that g is continuous. By genericity, for each nonempty U ∈ B, there is
an s ∈ 2<ω such that U ∩ At 6= ∅ for all t ∈ 2<ω such that t ⊇ s. Hence, for any such t ,
g[U ] contains a sequence which extends t . It follows that g[U ] densely fills the nonempty
clopen set {z ∈ 2ω: s ⊆ z}, and so g is nowhere thin. 2
The next theorem gives the same result for maps into R. Its proof mimics the proof of
Urysohn’s lemma.
Theorem 3.5. If there is a nowhere constant continuous function from X into R and
piw(X) < p, then there is a nowhere thin continuous function from X into R.
Proof. Let f :X→ R be nowhere constant. Let I be the collection of open subsets of
R consisting of ∅, R and the sets of the form I =⋃ki=0(a2i, a2i+1) where k < ω, each
of a1, a2, . . . , a2k is a rational number, a0 is either a rational number or −∞, a2k+1 is
either a rational number or∞, and a0 < a1 < · · ·< a2k+1. For I ∈ I , define AI = f−1[I ],
A#I = f−1[cl I ].
The proof of the next claim is similar to the proof of Claim 3.4, so we omit it.
Claim 3.6. Given I1, I2 ∈ I such that cl I1 ⊆ I2, and open sets U1, . . . ,Un in X, we can
find J ∈ I such that cl I1 ⊆ J ⊆ clJ ⊆ I2 and for each i = 1, . . . , n, if Ui ∩ (AI2 \A#I1) is
not empty, then Ui ∩ (AJ \A#I1) and (AI2 \A#J ) are both nonempty.
Fix a pi -base B for X whose cardinality is < p. Let Tn be the set of all dyadic rational
numbers in [0,1] whose denominator is 2n, n < ω. Let P be the partial order of all
p = (〈Ip(r): r ∈ Tnp 〉,Fp) where
(a) np < ω,
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(b) Ip(r) ∈ I for all r ∈ Tnp ,
(c) Ip(0)= ∅, Ip(1)=R, and for any r, s ∈ Tnp , if r < s then cl Ip(r)⊆ Ip(s),
(d) Fp is a finite subset of B.
If p and q are conditions, then we say p extends q if np > nq , Ip(r)= Iq(r) for r ∈ Tnq ,
Fp ⊇ Fq , and the following condition is satisfied: for every r, s, t such that r, t ∈ Tnq ,
s ∈ Tnp \ Tnq and r < s < t , and for every U ∈Fq , if U ∩ (AIq(t) \A#I q(r)) 6= ∅ then
U ∩ (AIp(t) \A#Ip(s)) 6= ∅ and U ∩ (AIp(s) \A#Ip(r)) 6= ∅.
As in the proof of Theorem 3.3, we see that P is σ -centered and we get a filter G on P
which meets all the dense sets {p ∈ P : np > k} (k < ω) and {p ∈ P : U ∈Fp} (U ∈ B).
Using G we define a function g :X→ R as follows. For every r ∈⋃n<ω Tn, write Ar
for AIp(r) where p is any member of G such that np is at least equal to the denominator
of r , and write A#r for A#Ip(r). For each x ∈X, let g(x)= inf{r ∈
⋃
n<ω Tn: x ∈Ar}.
As in the proof of Urysohn’s lemma, g is continuous. By genericity, for each U ∈ B,
there are dyadic rational numbers r1 and r2 in [0,1] such that r1 < r2 and for every pair
of dyadic rational numbers s, t such that r1 6 s < t 6 r2, we have U ∩ (At \ A#s ) 6= ∅. It
follows that g[U ] densely fills an interval, and so g is nowhere thin. 2
Since every separable metric space without isolated points has a nowhere constant
continuous map into R (and into 2ω if it is zero-dimensional (see Corollary 3.2)),
Theorems 3.3 and 3.5 show that every such space also has a nowhere thin continuous map
into R (and into 2ω if it is zero-dimensional). The examples which follow show that the
restriction on the pi -weight in these theorems cannot be removed. The space in Example 3.8
was suggested by S. Todorcevic. Example 3.11 is due entirely to Todorcevic and is included
here with his permission.
Example 3.7. The Stone space X of the measure algebra of [0,1] has a nowhere constant
continuous map into [0,1] but does not admit a nowhere thin continuous map into R.
Proof. In fact X is locally flexible in the sense of [3], i.e., for every open set U ⊆ X
there is a continuous function f :X → R which is identically equal to zero outside
U and nowhere constant in U . The usual projection map h :X→ [0,1] is easily seen
to be nowhere constant. Given an open set U , we can take a maximal disjoint family
{Cn: n < ω} of clopen sets contained inU . Then let f :X→R be given by f (x)= 0 if x /∈⋃
n<ω Cn, f (x)= (1/(n+ 1))h(x), x ∈ Cn. Then f is continuous and nowhere constant
on U .
To see that a continuous map f :X→R cannot be nowhere thin, inductively build a tree
of closed intervals Iσ , σ ∈ 2<ω , so that (µ is the usual measure on X)
(a) I∅ =R, Iσ is bounded if σ 6= ∅,
(b) Iσ_i ⊆ Iσ , i = 0,1, σ ∈ 2<ω ,
(c) Iσ_0 ∩ Iσ_1 = ∅, σ ∈ 2<ω ,
(d) the length of Iσ_i is at most 2/3 of the length of Iσ , i = 0,1, σ ∈ 2<ω,
(e) ∑σ∈2n µf−1[Iσ ]> 1/2 for each n < ω.
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Now K = ⋂n<ω⋃σ∈2n Iσ is a closed nowhere dense set and µf−1[K] > 1/2. Thus
f−1[K] has nonempty interior. 2
A similar argument works with X taken to be the real line equipped with the density
topology. This gives a connected example. (In this case the identity map is a nowhere
constant map into R.)
Example 3.8. There is a countable zero-dimensional space with no isolated points which
does not admit a nowhere thin continuous map into R.
Proof. On X = ω<ω define a topology by the condition that U ⊆ ω<ω is open iff for each
s ∈ U , ω \ {n < ω: s_n ∈ U} is finite. For each s ∈ ω<ω , the sets T ⊆ {t ∈ ω<ω: s ⊆ t}
such that (i) s ∈ T , (ii) s ⊆ t1 ⊆ t2 and t2 ∈ T implies t1 ∈ T and (iii) for all t ∈ T , t_n ∈ T
for all but finitely many n < ω, form a clopen base at s.
Suppose f :X→ R is continuous. We will build a set T ⊆ X satisfying (i)–(iii) above
with s = ∅ and whose image under f is nowhere dense. We first prove the following claim.
Claim 3.9. Suppose h :ω→R has nowhere dense range, K ⊆R is closed, K ∩ ranh= ∅
(where ranh is the range of h), and for each n < ω we are given nowhere dense sets En(k),
k < ω, such that for each ε > 0 there is a k such that En(k)⊆ (h(n)− ε,h(n)+ ε). Then
we can choose, for each n < ω, a number k(n) < ω such that ⋃n<ω En(k(n)) is nowhere
dense and disjoint from K .
To prove the claim, enumerate the nonempty open rational intervals contained in R \K
as 〈In: n < ω〉. Inductively choose nonempty open intervals Jn and indices k(n) so that
clJn ⊆ In \
(
K ∪ ranh∪
⋃
i<n
Ei
(
k(i)
))
and
En
(
k(n)
)∩(K ∪⋃
i6n
clJi
)
= ∅.
Then
⋃
n<ω En(k(n)) is nowhere dense since it is disjoint from K ∪
⋃
n<ω Jn.
Now to build the desired open set T , enumerate the nonempty open rational intervals as
〈Im: m< ω〉 and inductively choose nonempty open intervals Jm ⊆ Im and build T ∩ ωm
so that f [T ∩ ω6m] is nowhere dense and disjoint from ⋃i6m Ji . For the inductive step,
apply the claim with h :T ∩ ωm→R given by h(t)= f (t), K =⋃i6m clJi , and for each
t ∈ T ∩ ωm, En(t) = {f (t_k): n 6 k < ω}. (En(t) satisfies the conditions of the claim
since, by continuity of f , limk→∞ f (t_k)= f (t).) The claim gives numbers k(t), and we
let T ∩ ωm+1 = {t_i: t ∈ T ∩ ωm, i > k(t)}. For Jm+1 choose any subinterval of Im+1
whose closure is disjoint from the nowhere dense set f [T ∩ ω6m+1]. For the resulting
open set T we have that f [T ] is disjoint from ⋃n<ω Jn and hence f [T ] is nowhere
dense. 2
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Remark 3.10. Note that by Corollary 3.2, the space in Example 3.8 has a nowhere constant
map into 2ω. We can easily obtain a separable compact space with the same properties by
embedding the space of Example 3.8 into 2c and taking its closure.
Example 3.11. The space [ω]ω equipped with the Ellentuck topology has a nowhere con-
stant continuous map into 2ω, but does not have a nowhere thin continuous map into R.
(See [6] for the basic properties of the Ellentuck topology.)
Proof. For s ∈ [ω]<ω and A ∈ [ω]ω, let us write [s,A] = {B ⊆ ω: s ⊆ B ⊆ s ∪ A and s
is an initial segment of B}. (These are the basic open neighborhoods.) Since the Ellentuck
topology is a refinement of the topology on [ω]ω obtained by thinking of it as a subspace
of 2ω (identify sets with their characteristic functions), the inclusion map from [ω]ω into
2ω provides the desired nowhere constant map.
To see that there does not exist a nowhere thin continuous map from [ω]ω into R,
let f : [ω]ω → R be continuous. Enumerate the nonempty open rational intervals as
〈In: n < ω〉. Inductively define nonempty open intervals Jn and An ∈ [ω]ω such that for
each n < ω we have
(a) when n > 0, An ⊆An−1 \ {minAn−1},
(b) Jn ⊆ In,
(c) for every s ⊆ {minAk: k < n}, f [[s,An]] ∩ Jn = ∅.
At stage n, to arrange (c), let 〈si : i < 2n〉 enumerate the subsets of {minAk: k < n}.
Inductively choose nonempty open intervals In ⊇ L0 ⊇ L1 ⊇ · · · ⊇ L2n−1 and infinite sets
B−1 ⊇ B0 ⊇ B1 ⊇ · · · ⊇ B2n−1, where B−1 = An−1 \ {minAn−1} if n > 0 and B−1 = ω
otherwise, such that for each i < 2n, f [[si,Bi ]] ∩ Li = ∅. At stage i , pick any point
x ∈ Li−1. (Let L−1 = In.) Then, by the completely Ramsey property of open sets (see
[6]), there is an infinite set Bi+1 ⊆ Bi such that [si,Bi+1] ⊆ f−1[Li−1 ∩ (−∞, x)] or
[si,Bi+1] ∩ f−1[Li−1 ∩ (−∞, x)] = ∅. Let Li = Li−1 ∩ (x,∞) or Li = Li−1 ∩ (−∞, x)
accordingly. Then take Jn = L2n−1 and An = B2n−1.
Now define A= {minAn: n < ω}. For each n < ω, we have
f
[[A]ω]⊆ ⋃
s⊆{minAk : k<n}
f
[[s,An]]
which is disjoint from Jn. Hence f [[A]ω] is nowhere dense and so f fails to be nowhere
thin. 2
Problem 3.12. Is there, in ZFC, a Tychonoff space of pi -weight p which has a nowhere
constant continuous map into R but does not have a nowhere thin continuous map into R.
4. Mapping zero-dimensional spaces into 2ω
In this section, we will show that every zero-dimensional metrizable space without
isolated points has a nowhere thin continuous map into 2ω. The first lemma we need,
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Lemma 4.2, is much easier to establish for strongly zero-dimensional spaces than it is for
zero-dimensional spaces in general. In particular, it is much easier to prove for separable
zero-dimensional spaces. Since this special case is of particular interest, we state and prove
it first even though it will not be used in the proof of the general case. See [7] for the
properties of strongly zero-dimensional spaces. All we need to know about such spaces
here is the fact given by the first sentence of the proof of Lemma 4.1.
Lemma 4.1. If X is a strongly zero-dimensional completely metrizable space without
isolated points then there is a weakly open continuous function f :X→ 2ω.
Proof. Since X is strongly zero-dimensional, there are covers Un of X by nonvoid clopen
sets so that Un+1 refines Un, the sets in Un have diameter at most 1/n and each member
of Un contains at least two members of Un+1. For each x ∈X, write Un(x) for the unique
member of Un containing x . For each U ∈ Un fix a U∗ ∈ Un+1 such that U∗ ⊆ U . Define
f :X→ 2ω by f (x)(n) = 0 iff Un+1(x) = Un(x)∗. Then f is continuous and weakly
open. 2
Lemma 4.2. If X is a zero-dimensional completely metrizable space without isolated
points then there is a weakly open continuous function f :X→ 2ω.
Proof. Let d be a complete metric for X. For each n = 1,2, . . . , choose a maximal
collection of points En such that d(x, y) > 1/n for all x, y ∈ En. Of course ⋃∞n=1En
is dense in X.
Now inductively build sets Dn and neighborhood bases {Uk(a): k < ω} for the points
a ∈Dn so that properties (a)–(f) hold for each n= 1,2, . . . .
(a) En ⊆⋃ni=1Di and Dn ∩⋃n−1i=1 Di = ∅.
(b) {Uk(a): k < ω} is a decreasing base of clopen neighborhoods of a for each a ∈Dn.
(c) For each a ∈Dn and k < ω, the diameter of Uk(a) is at most 1/n, and each of the
sets Uk(a) \Uk+1(a) is nonempty.
(d) Every point of X \⋃n−1i=1 Di has a neighborhood meeting the set U0(a), for at most
one value of a ∈Dn.
For each x ∈ X \⋃n−1i=1 Di and i = 1,2, . . . , n − 1, let us write Wi(x) for the unique
member of {Uk(a) \Uk+1(a): a ∈Di, k < ω} ∪ {X \⋃a∈Di U0(a)} which contains x .
(e) Dn ∩⋂n−1i=1 Wi(x) 6= ∅ for all x ∈X \⋃n−1i=1 Di .
(f) For each a ∈Dn, U0(a)⊆⋂n−1i=1 Wi(a).
For n = 1, take D1 = E1, let U0(a) for a ∈ D1 be a clopen neighborhood of a of
diameter less than 1/3 and choose the sets Uk(a) so that (b) and (c) are true.
For the induction step, suppose n> 2 and we are given Di , i = 1, . . . , n− 1, and Uk(a)
for a ∈⋃n−1i=1 Di . Let E′n =En \⋃n−1i=1 Di . Let
Sn =
{
n−1⋂
i=1
Wi(x): x ∈X
∖ n−1⋃
i=1
Di
}
.
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Note that by (d), each of the setsX\⋃a∈Di U0(a), i = 1, . . . , n−1, has clopen intersection
with X \⋃n−1i=1 Di . Hence, the members of Sn are disjoint clopen sets in X \⋃n−1i=1 Di .
Furthermore,
⋃Sn =X \⋃n−1i=1 Di . For each memberU of Sn, choose xU ∈U \⋃n−1i=1 Di .
Let Dn = E′n ∪ {xU : U ∈ Sn}. Notice that Dn ⊆
⋃Sn, and for each U ∈ Sn, the set
{d(x, y): x 6= y and x, y ∈Dn ∩U = (E′n ∩U)∪ {xU }} is bounded away from zero, so we
can easily choose sets Uk(a) for a ∈ Dn ∩ U so that U0(a)⊆ U and (c), (d) hold. (Note
that
⋂n−1
i=1 Wi(a)=U for each a ∈Dn ∩U .) This completes the induction.
Define f :X→ 2ω by f (x)=⋃n<ω f (x)n where f (x)n ∈ 26ω is defined inductively
as follows. (For α 6 ω, 1α denotes a constant sequence with domain α and with constant
value 1. For sequences s ∈ 2<ω, t ∈ 26ω, s_t ∈ 26ω is the concatenation of s and t .)
(i) f (x)0 = ∅.
(ii) f (x)n+1 = f (x)n_0 if x ∈X \⋃a∈Dn+1 U0(a) and x /∈⋃ni=1Di .
(iii) f (x)n+1 = f (x)n_1k_0 if x ∈ Uk(a) \ Uk+1(a) for some a ∈ Dn+1 and some
k < ω.
(iv) f (x)n+1 = f (x)n_1ω if x ∈Dn+1.
(v) f (x)n+1 = f (x)n if x ∈⋃ni=1Di .
It is easy to verify that f is well-defined. By induction on n < ω, it is easily shown that
for all U ∈ Sn+1 and for all x, y ∈ U , f (x)n = f (y)n. (Define S1 = {X}.) Using this, we
will show that f is continuous. Let x ∈X. If x /∈⋃∞n=1Dn, then for each n> 2, there is a
U ∈ Sn such that x ∈ U . Then x is in the interior of U and for all y ∈ U , f (y)n = f (x)n.
Thus f is continuous at x . If x ∈Dn for some n, then U0(x) is a subset of some member
of Sn, so f (y)n−1 = f (x)n−1 for all y ∈ U0(x). But then it is clear from the definition of
f that for each k < ω and all y ∈ Uk(x), f (y) and f (x) will have the same restriction to
domf (x)n−1 + k. So f is continuous at x in this case also.
We now verify that f [Uk(a)] is clopen for each a ∈⋃∞n=1Dn and k < ω. Fix n > 1,
a ∈Dn, k < ω. Let
s = f (a) |` (domf (a)n−1 + k).
If we let C = {x ∈ 2ω: s ⊆ x}, then we showed above that f [Uk(a)] ⊆ C. Since ⋃∞n=1Dn
is dense in X (by (a)), the proof of the lemma will be complete if we show that
f [Uk(a)] = C. Let t ∈ 2ω. We must find x ∈ X such that f (x) = s_t . We may assume
that no x ∈⋃∞n=1Dn has this property. Then f (a) 6= s_t , so t 6= 1ω. Write t = 1k1_0_t1
where k1 < ω. Let U1 = Uk+k1(a) \ Uk+k1+1(a). Then U1 ∈ Sn+1 is clopen and for any
x ∈ U1, f (x)n = f (a)n−1_1k+k1_0. By (e), there is a point a1 ∈ Dn+1 ∩ U1. Since
f (a1) 6= s_t = s_1k+k1_0_t1, we have t1 6= 1ω. Write t1 = 1k2_0_t2 where k2 < ω.
Let U2 = Uk+k1+k2(a1) \ Uk+k1+k2+1(a1). Then U2 ∈ Sn+2 is clopen and for any x ∈ U2,
f (x)n+1 = f (a)n−1_1k+k1_0_1k2_0. Continue in this fashion getting points a` ∈Dn+`
and clopen sets U` = Uk+k1+···+k` (a`−1) \ Uk+k1+···+k`+1(a`−1) such that U1 ⊇ U2 ⊇ · · ·
and for any x ∈ U`, f (x)n+`−1 = f (a)n−1_1k+k1_0_1k2_0_ · · ·_1k`_0. By (c), there
is a unique point x ∈⋂∞`=1U`, and we have f (x)= s_t . 2
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Theorem 4.3. If X is a zero-dimensional metrizable space without isolated points then
there is a nowhere thin continuous function f :X→ 2ω. IfX is also completely metrizable,
then f can be taken to be weakly open.
Proof. The second statement is Lemma 4.2. The first statement follows by applying
Lemma 4.2 to the completion of X and restricting the resulting map to X. 2
5. Nowhere thin maps into Rm
We now show that every continuous function from a metric space without isolated points
into Rm can be uniformly approximated by nowhere thin maps. This could be done via a
version of Lemma 4.2 in the new setting, but the notation becomes rather complicated if
we take this route. Instead we will make use of the results of the previous section to give a
more elegant proof. First we need a technical lemma.
Lemma 5.1. If X is a completely metrizable space without isolated points, K ⊆ X is
closed, X \ K is zero-dimensional and f :K → R is continuous, then f extends to a
continuous function f :X→R such that f |` (X \K) is weakly open.
Proof. Let d be a complete metric for X. By replacing K by a singleton if necessary, we
can assume K 6= ∅. Let U =X \K . For each n= 1,2, . . . , choose a set Dn and a clopen
neighborhoodU(a) of each a ∈Dn such that the following properties hold.
(1) d(x, y)> 1/n for all x, y ∈Dn such that x 6= y .
(2) Dn ∩⋃n−1i=1 ⋃a∈Di U(a)= ∅.
(3) Each U(a) for a ∈ Dn has diameter at most 1/(3n) and is disjoint from⋃n−1
i=1
⋃
a∈Di U(a)= ∅.
(4) Dn is maximal among the sets satisfying (1) and (2).
Extend f to a continuous function, denoted also by f , on
K ′ =K ∪
(
X \
∞⋃
n=1
⋃
a∈Dn
U(a)
)
.
Extend f to U(a) for a ∈ Dn as follows: choose a point xa ∈ K ′ such that d(a, xa) <
d(a,K ′) + 1/n, let Ia be an open interval of length < 1/n containing f (xa), and let
f |`U(a) :U(a)→ Ia be a weakly open continuous function (see Lemma 4.2). To see that
this extension of f is continuous at a point x ∈K ′, fix such a point and let ε > 0. Choose
δ > 0 such that f varies by less than ε/2 on B(x, δ) ∩K ′. Fix a natural number N such
that 1/N < δ/k where k > 5 is large enough so that δ/k < ε/2. Choose a positive number
δ′ < δ/k such that B(x, δ′) ∩U(a)= ∅ for all a ∈⋃N−1n=1 Dn. Let y ∈ B(x, δ′) \K ′. Then
y ∈ U(a) for some a ∈Dn, n>N . Since U(a) has diameter at most 1/(3n) < 1/n < δ/k,
we have d(a, x) < d(a, y)+d(y, x) < δ/k+δ′ < 2δ/k, so d(a, xa) < 2δ/k+1/n< 3δ/k.
This gives d(x, xa) < 5δ/k 6 δ. Since f varies by less than ε/2 on B(x, δ) ∩ K ′,
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|f (x)− f (xa)| < ε/2. Also, the image of f |`U(a) is inside Ia which has diameter less
than 1/n < δ/k and contains f (xa) and f (y), so∣∣f (x)− f (y)∣∣6 ∣∣f (x)− f (xa)∣∣+ ∣∣f (xa)− f (y)∣∣< ε2 + δk < ε. 2
Lemma 5.2. If X is a completely metrizable space without isolated points, then there is a
weakly open continuous function f :X→R .
Proof. Let Y = ⋃{U ⊆ X\K: U is open and zero-dimensional}. Then V = X\clY
is a completely metrizable space without isolated points and V has no nonvoid zero-
dimensional open subspaces. Thus, there exists a dense set D ⊆ V such that at each
point d ∈ D, X is not zero-dimensional at d . By Proposition 2.7, there is a weakly
open continuous function f : clV → R. Extend f to a continuous real-valued function
on K = clV ∪ bdY and then extend it to all of X, using Lemma 5.1, so that f  Y is
weakly open. Since V ∪ Y is dense in X, f is as desired. 2
Theorem 5.3. If X is a metrizable space without isolated points, m > 1 is a natural
number, K ⊆ X is closed, and f :X→ Rm is continuous, then for every ε > 0 there is
a continuous g :X→ Rm such that g |`K = f |`K , ‖g(x)− f (x)‖< ε for all x ∈X, and
g is nowhere thin on X \K . If X is also completely metrizable, then g can be taken to be
weakly open on X \K .
Proof. Let d be a metric for X. Inductively choose continuous functions fn :X→ Rm,
sets Dn ⊆X, n= 1,2, . . . and for each x ∈⋃∞n=1Dn, two open neighborhoods U(x) and
V (x) of x such that the following properties hold for every n= 1,2, . . . . (Set f0 = f .)
(a) d(x, y)> 1/n for all distinct x, y ∈Dn.
(b) Dn ∩K = ∅, Dn ∩ clV (y)= ∅ for every y ∈⋃n−1i=1 Di .
(c) Dn is maximal among sets which satisfy (a) and (b).
(d) clV (x)⊆U(x).
(e) For all x ∈Dn, clU(x)∩K = ∅ and clU(x)∩ clV (y)= ∅ for every y ∈⋃n−1i=1 Di .
(f) {U(x): x ∈Dn} is discrete in X.
(g) fn[U(x)] is contained in an open ball Ix of diameter at most 2−n−1 for every x ∈Dn.
(h) fn(x)= fn−1(x) whenever x /∈⋃{U(x): x ∈Dn}.
(i) ‖fn(x)− fn−1(x)‖6 2−n for all x ∈X.
(j) fn |`V (x) :V (x)→ Ix is nowhere thin and, if X is completely metrizable, is weakly
open.
(Use Lemma 5.2 and Proposition 2.4 to arrange (j).) Define g by g(x) = limfn(x) for
x ∈X. g is continuous by (i), and since ⋃{V (x): x ∈⋃∞n=1Dn} is dense in X \K , g is
nowhere thin in X \K and, if X is completely metrizable, is weakly open in X \K . 2
Corollary 5.4. If X is any metric space, then there is a partition of X of the form
{A} ∪ {Bx : x ∈ R} where A is the set of isolated points of X and for each nowhere dense
set E ⊆R, ⋃{Bx : x ∈E} is nowhere dense in X. 2
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Proof. Let f :X\clA→ R be nowhere thin and define Bx = f−1[{x}] for x 6= 0, B0 =
f−1[{0}] ∪ bdA. 2
6. Sets of range uniqueness
For any space X, let us write F(X) for the family of nowhere constant continuous real-
valued functions on X, and F ′(X) for the set of nowhere thin members of F(X). In [5],
a model of set theory is produced in which F([0,1]) has no set of range uniqueness, i.e.,
there is no set A⊆ [0,1] such that if two members f,g of F(X) have the same image of A
then f = g. In [4], it was shown that in the same model there is no set of range uniqueness
for F(X) for any separable metric space X without isolated points. It was also asked
whether this automatically follows from the nonexistence of a set of range uniqueness
for F([0,1]). We will now show that the nonexistence of a set of range uniqueness for
F([0,1]) implies the nonexistence of a set of range uniqueness for F(X), and even for
F ′(X), for any metric space X without isolated points.
Proposition 6.1. If there is a nowhere thin continuous map f :X→R, then there is such
a map whose range is a dense subset of [0,1].
Proof. We may assume that f [X] ⊆ [0,1]. Let µ be Lebesgue measure on [0,1]. Let
U be the union of all the open intervals in which f [X] is dense. U is not empty since
f is nowhere thin. The composition of f with the function g : [0,1] → R given by
g(x)= µ([0, x] ∩U)/µ(U) is the desired map. 2
Proposition 6.2. (See [4, Proposition 2.5]). If f :X→ Y is a nowhere thin continuous
map with dense range, and A ⊆ X is a set of range uniqueness for F(X) (respectively
F ′(X)), then f [A] is a set of range uniqueness for F(Y ) (respectively F ′(Y )).
Proof. We prove the statement for F , the statement for F ′ having a nearly identical proof.
If g1, g2 :Y →R are nowhere constant and have the same image of f [A], then g1 ◦ f and
g2 ◦ f are nowhere constant [Proposition 2.1(d)] and have the same image of A. Thus
g1 ◦ f = g2 ◦ f . Since f has dense range, it follows that g1 = g2. 2
Theorem 6.3. If X is a metric space without isolated points and there is a set of range
uniqueness for F ′(X), then there is a set of range uniqueness for F([0,1]).
Proof. By Proposition 2.3(a), F([0,1]) = F ′([0,1]). By Theorem 5.3 and Proposi-
tion 6.1, there is a nowhere thin continuous function f :X→[0,1]which has dense range.
The theorem now follows from Proposition 6.2. 2
Corollary 6.4. In the model of [5], there is no set of range uniqueness for the nowhere thin
continuous maps from any metric space without isolated points into R.
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Note added in proof
An example essentially the same as Example 3.7 was discovered independently by
Blaszczyk and Szymanski [10]. In Example 3.7, sinceX is compact, “nowhere thin” can be
replaced by “weakly open” (which is called “semi-open” in [10]), and then the conclusion
follows easily from the fact that dense Gδ’s have nonempty interior in X. The argument
given for Example 3.7 has the advantage that it works also for the density topology, as
was pointed out in the paragraph after Example 3.7. Preprint [10] also contains a study
of weakly open maps from spaces similar to the one in Example 3.8 into Cantor cubes.
A reading of [10] inspired the following observation relating the concepts of weakly thin
and weakly open maps: f :X→ Y is weakly thin iff βf :βX→ βY is weakly open. The
proof is an easy exercise. We thank A. Szymanski for providing a copy of [10].
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